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Abstract 
A new way of ascertaining whether or not a reacting mixture will explode uses just three 
timescales: that for chemical reaction to heat up the fluid containing the reactants and products, 
the timescale for heat conduction out of the reactor, and the timescale for natural convection in 
the fluid. This approach is developed for an n-th order chemical reaction, A → B occurring 
exothermically in a spherical, batch reactor. The three timescales are expressed in terms of the 
physical and chemical parameters of the system. Numerical simulations are performed for 
laminar natural convection occurring; also, a theoretical relation is developed for turbulent 
flow. These theoretical and numerical results agree well with previous experimental 
measurements for the decomposition of azomethane in the gas phase. The new theory 
developed here is compared with Frank-Kamenetskii’s classical criterion for explosion. This 
new treatment has the advantage of separating the two effects inhibiting explosion, viz. heat 
removal by thermal conduction and by natural convection. Also, the approach is easily 
generalised to more complex reactions and flow systems. 
 
1. Introduction 
Much work has been done already on explosive chemical reactions. The original work of 
Semenov1 and Frank-Kamenetskii2 revealed the importance of the removal of heat from a 
reacting mixture. Semenov1 considered a chemical reaction in a well-mixed fluid, in which 
such properties as the temperature and composition were spatially uniform and the loss of heat 
to the exterior was described by a heat transfer coefficient. Frank-Kamenetskii2 recognised that 
inside large reaction vessels, temperature gradients develop, so the removal of heat may be 
controlled by conduction. Analysis of the equation for the conservation of enthalpy in such a 
system indicated that a reacting mass explodes when the parameter (sometimes called the 
Frank-Kamenetskii number) 20000
2 RTCqEckL p
n κρδ =  is greater than a critical value cδ . 
Subsequently, many publications appeared on the measurement and calculation of the 
magnitude of cδ  for systems in which heat is solely transferred by thermal conduction. These 
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focused both on systems neglecting the consumption of reactant3-6, as well as those considering 
the disappearance of reactants.7-12 It is generally accepted that the consumption of reactant 
suppresses the onset of explosion and hence increases the magnitude of cδ .  
However, in sufficiently large vessels, natural convection may develop in a reacting gas 
or liquid. This fluid motion provides an extra mechanism for removing heat. Indeed, 
Merzhanov and Shtessel13 noted quantitatively that natural convection is important when the 
timescale for the system to heat up to the explosion point is larger than the timescale required 
for natural convection to develop. Frank-Kamenetskii2 proposed that in systems with natural 
convection, cδ  is a function of the Rayleigh number. Since then, several studies (listed in Table 
1) have considered thermal explosions in systems with natural convection, in addition to 
thermal conduction. These comprise experimental investigations and numerical simulations of 
exothermic chemical reactions in closed vessels of various standard geometries (infinite 
parallel plates, vertical and horizontal cylinders with circular cross-sections and a horizontal 
prism with a square cross-section), all with a constant wall temperature. The results have been 
presented mainly as plots of cδ  against Ra. In general, it has been shown that cδ  increases 
strongly with Ra and depends on the geometry of the system.  
The present work adopts a new approach and describes the stable and explosive 
behaviour of an exothermic chemical reaction in terms of just three timescales, viz., those for 
heating up the system by the particular exothermic reaction, for cooling by thermal conduction 
and, finally, a timescale for natural convection. This novel approach has the advantage of 
separating the stabilising effects of thermal conduction and natural convection. It is a general 
approach, which can easily be extended to more complex systems. The theoretical and 
numerical work below analyses an exothermic reaction in a fluid contained in a spherical vessel 
with natural convection occurring. Interestingly, a spherical reactor has only been considered 
rarely in previous theoretical work. However, for spherical geometry and a constant wall 
temperature, natural convection has been shown14, 15 to become significant at Ra ~ 500. Both 
the theoretical and numerical work presented below are based on a general n-th order reaction 
occurring in a gas or liquid. 
 
2. Theoretical analysis 
The reaction considered here has the simplest mechanism of A → B. Thus, a pure gaseous or 
liquid reactant undergoes an exothermic reaction in a closed spherical vessel. The initial 
pressure and concentration of the reactant, A, are p0 and c0, respectively. The initial 
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temperature of the fluid is T0. The radius of the vessel, L, is taken to be the characteristic length 
scale of the system. 
 
2.1 Governing equations 
The fundamental equations describing the reaction are those for the conservation of mass, 
energy and momentum. For a one-step reaction of n-th order, the equation for the conservation 
of reactant, A, is: 
n
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where c is the concentration of species A, DA is the diffusion coefficient of A in the mixture 
with B, n is the order of reaction,  u is the velocity of the fluid, and k is the rate constant for the 
reaction. The conservation of energy is: 
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where T is temperature, κ is the thermal diffusivity, Cp and Cv are the specific heats (at constant 
pressure and volume, respectively) of the fluid, and q is the exothermicity of the reaction. The 
conservation of momentum is expressed by the Navier-Stokes eqns as 
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where p is pressure,ν is the kinematic viscosity of the fluid and g is the gravity vector. Finally, 
the continuity equation is: 
0=⋅∇ u .          (4) 
These four equations are based on the Boussinesq approximation, which assumes that the 
density of the fluid is constant, except in the final, buoyancy term of the Navier-Stokes 
equations (3), where the density depends on the temperature and the coefficient of thermal 
expansion,β , of the fluid, i.e.: 
( )[ ]00 1 TT −−= βρρ .         (5) 
The Boussinesq approximation only holds when the increase in temperature in the system is 
small compared to the system’s initial temperature, T0. If the temperature rise is large, full 
compressibility of the gas must be considered. Since the temperature rise before ignition in an 
explosive reaction is found below to be ~ 10 – 50 K and T0 considered below is ~ 636.2 K, the 
approximation is justified.  
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The temperature of the wall is always held constant at T0. The fluid velocity and the 
flux of chemical species are both always zero at the wall; this means that the effects of any 
heterogeneous reaction at the wall are ignored. The boundary conditions can thus be stated: 
u = 0 ; cn ∇⋅  = 0 ;  T = T0  at  r = L.                                                                                                            (6) 
where n is a unit vector normal to the surface of the vessel and r denotes radial position. 
Initially, the temperature and concentration of A in the reactor are spatially uniform at T0 and 
c0, respectively; also, the fluid is assumed to be motionless. Thus, the initial conditions are:  
T = T0 ;  c = c0 ;  u = 0  at  t = 0, r∀ .                                                                           (7) 
 
2.2 Scaling 
To non-dimensionalise eqn (1) – (4), the following dimensionless quantities are defined for the 
concentration of A, temperature, velocity, pressure, position and time: 
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Here, sTΔ  is a scale for the temperature increase in the system and will be quantified below. 
The Arrhenius temperature dependence of the rate constant can be expressed in dimensionless 
form as 
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where Z is the pre-exponential factor; k0 is the rate constant evaluated at T0, and  
2
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The following four dimensionless governing equations are derived by substituting the above 
dimensionless variables into eqn (1) – (4): 
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When the transport of heat and chemical species in the reactor is dominated by natural 
convection (instead of conduction and diffusion), a scale for the velocity of the fluid can be 
obtained as25: 
( ) 2/1~ sTgLU Δβ          (15) 
Eqn (11) – (14) suggest that the evolution of the dimensionless concentration, temperature and 
velocity depends on the following eight dimensionless groups 
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2.3 Timescales 
The system has three interacting mechanisms for the generation and transport of heat, namely 
chemical reaction, conduction and natural convection. The timescales associated with the 
heating or cooling by each of these three processes can be written as:  
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Here, Dτ is the timescale for thermal conduction and Cτ is the timescale for fluid to move by 
convection over the characteristic distance L in the vessel. Finally, Hτ is the timescale for the 
reaction to heat up the fluid by the characteristic rise in temperature, ∆Ts. If this latter quantity 
is taken as  
ERTTs /
2
0=Δ ,                                                                                                           (18) 
then 1=ϕ and ERT /0=η . Since it can be shown2 that ERTTs /20=Δ  is the scale for the 
maximum pre-explosion temperature, Hτ can be thought of as a measure of the time required for 
the system to heat up to its ignition temperature. 
Using eqn (15), (17) and (18), the governing equations can be expressed in terms of the 
three timescales: 
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0'' =⋅∇ u                                                                                                                      (22) 
where 'adT is the dimensionless adiabatic temperature rise, defined as 
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and Pr κν /= is the Prandtl number. Therefore, the eight dimensionless groups in eqn (16) can 
now be replaced by the following seven groups: 
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where Le = AD/κ  is the Lewis number. There are now fewer dimensionless groups, because 
the scale for the rise of temperature was set in eqn (18) such that 1=ϕ . When the timescales for 
the transport of chemical A by convection and by diffusion are much smaller than the timescale 
for the consumption of reactant, the disappearance of reactant has a very small effect on the 
thermal behaviour and flow in the vessel. Thus, if 
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it may be assumed that 0cc ≈  in the whole reactor, at all times, and eqn (19) may be neglected. 
The specific magnitudes of the groups Le and 'adT  are then unimportant. The present paper 
focuses on the transition to explosion in such a limit of negligible consumption of reactants. We 
note that criteria (25) and (26) are more general than that derived by Frank-Kamenetskii2 for a 
system with conduction of heat, but no natural convection. 
For a specified reaction and initial temperature, T0, the groups η , γ  and Pr are fixed. 
Therefore the behaviour of the system is determined simply by the two ratios ( )DH ττ /  and 
( )CH ττ / . This important conclusion is exploited below, but it means that the behaviour of the 
system can be depicted on a plot of ( )DH ττ /  against ( )CH ττ / . Such a preliminary regime 
diagram has been drawn as Fig. 1, where one can expect a curve separating the space into areas, 
where explosions either do or do not occur.  The axis for ( )DH ττ /  represents the purely 
conductive limit, i.e., the systems considered by Frank-Kamenetskii2. The axis for ( )CH ττ /  
represents the well-mixed limit, where the work of Semenov1 applies. Fig. 1 has the advantage 
of showing separately the effects of cooling by thermal conduction and by convection on the 
transition from stable to explosive conditions. The relative importance of thermal conduction 
and natural convection in this system is indicated by the Rayleigh number: 
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A constant Rayleigh number is therefore represented by a straight line through the origin in Fig. 
1. When Ra < 500 heat transfer in the fluid is controlled by conduction.14, 15 In the range 500 < 
Ra < 106, laminar convection dominates heat transfer. For Ra > 106, the flow is turbulent.25,26  
The lines on Fig.1 for Ra = 3000 and Ra = 105 show particular cases, A – H, which will be 
studied below.  
 
2.4 The conductive and well-mixed limits 
As mentioned above, Frank-Kamenetskii2 identified the parameter 
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on which the transition from a slow, steady reaction to an explosion depends. This 
dimensionless parameter represents the ratio of the rates of heat generation by chemical 
reaction and of thermal conduction through the fluid. When the value ofδ is larger than the 
critical value for a particular system, the rate of production of heat by reaction always exceeds 
the rate of removal of heat to the walls, so explosion occurs. The critical value ofδ , above 
which explosion occurs, depends on the geometry of the system and has been reported2 as 3.32 
for a sphere in which heat is transferred solely by conduction. The timescales defined in the 
previous section can be expressed in terms of the Frank-Kamenetskii and Rayleigh numbers as: 
δτ
τ 1=
D
H ; δτ
τ 1=
C
H (Ra Pr)1/2                                                                                               (29a,b) 
Eqn (29a) can be used to identify the expected value of ( )DH ττ /  for the transition to explosion 
in the conductive limit, because ( ) ccDH δττ /1/ = ~ 0.30, where ( )cDH ττ /  is the critical value 
of ( )DH ττ / , when heat transfer is purely conductive. This implies that explosion will occur if 
the timescale for heating due to reaction is less than ~ 1/3 of the timescale for conduction of 
heat. The critical value is shown in Fig. 1 as the approximately horizontal boundary between 
explosive and non-explosive behaviour for Ra < 500. When Ra > 106, natural convection is 
vigorous and turbulent,26, 27 and the system approximates to the well-mixed case. However, 
conduction of heat still plays a role in the thin thermal boundary layer adjacent to the reactor 
wall. Thus, the transition from an explosion to non-explosive reaction still shows some 
dependency on ( )DH ττ / ; an inclined boundary near the ( )CH ττ /  axis is sketched in Fig. 1. 
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3. Numerical method 
Eqns (20) – (22) were solved numerically for a spherical reactor using the partial differential 
equation solver Fastflo28, which uses the finite element method. The algorithm used was the 
same as described before.25 The reaction analysed was the thermal decomposition of pure 
azomethane. The following parameters were chosen to match those used in previous 
experimental18 studies. The radius of the vessel was L = 0.064 m, the temperature of the walls 
was kept constant at T0 = 636.2 K, the initial concentration of reactant was c0 = 0.37 mol m-3 
(corresponding to p0 ~ 0.02 bar), and the order of reaction was18 n = 1.4. The physico-chemical 
properties employed were: q = 124 kJ mol-1, Cp = 2250 J kg-1 K-1, Z = 1.24×1014 mol-0.4 m1.2 s-1, 
E / R = 23280 K and γ = 1.018. For simplicity it was further assumed that Pr = 1. The last 
assumption indicates νκ = , implying that the diffusivities of heat and momentum are equal. 
This is approximately true for gases, but not for liquids, for which Pr is significantly larger than 
unity.  
In the numerical simulations, ( )DH ττ /  and ( )CH ττ /  were varied by changing the values 
of κ and g, whilst the other groups in eqns (24e–g), remained constant. Simulations were 
carried out for laminar flow, i.e. for Ra < 106. Table 2 summarises the magnitudes of the 
dimensionless parameters for each case study. For all cases, 018.0/1 ' =adT , which means 
conditions (25) and (26) are approximately satisfied, i.e., the effects of consumption of reactant 
are very small. 
 
4. Results and Discussion 
4.1 Evolution of temperature during reaction  
Fig. 2 shows plots of temperature against time for different heights above the equator of the 
reactor, along the vertical axis. Fig. 2(a) – (d) correspond to points A – D in Fig.1 and Table 2, 
respectively. All these plots are for Ra ~ 3000, representing only moderately laminar natural 
convection. In the lower part of the reaction vessel, as will be seen below, the temperature 
remains close to its initial value. Fig. 2(a) and 2(b) are for the reaction A → B proceeding 
steadily, far from the transition to explosion and close to the transition, respectively. Fig. 2(c) 
and 2(d) represent two explosions, with Fig. 2(c) for point C being just inside the explosive 
region of Fig. 1. Fig. 2(d) is for point D, well inside the explosive region of Fig. 1.  
In the slow reaction in Fig. 2(a), the temperature in the upper half of the reactor rises to 
a steady state after ~ 2.5 s. With the reaction close to the explosion limit in Fig. 2(b), a longer 
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time (~ 5 s) is needed before the reaction reaches the higher steady state temperature. In both 
cases, the highest temperature is located in the upper part of the vessel, because of natural 
convection, without which the centre of the vessel would be hottest.  There are some other 
interesting features evident in Fig 2(b). The temperature at the centre of the reactor (0 L) 
increases at an approximately steady rate for the first ~ 1.2 s, and is in fact almost equal to the 
temperature in the rest of the top half of the vessel. At ~ 1.2 s there is a distinct drop in the 
gradient of the plot of temperature versus time, after which an inflection develops as the rate of 
heating increases slightly. The initial decrease in gradient is due to the onset of natural 
convection. When this convection becomes significant, the rate of heat removal to the wall is 
increased. This conclusion is confirmed below with evidence on the speed of the fluid.  
Comparisons of Fig. 2(a) and (b) for slow reaction with Fig. 2(c) and (d) for explosions 
show the difference between the two types of behaviour. Stable reactions (in the absence of any 
consumption of reactants) are defined as those in which the temperature reaches a stable steady 
state. An explosion is characterised by the disappearance of this steady state2. In the latter case 
the rate of heat production exceeds the rate of heat removal from the reactor; the self-
accelerating nature of the reaction means that the temperature will very rapidly tend to infinity. 
Inspection of Fig. 2(c) shows that during the first 1 s, the temperature rises are initially very 
similar to those in Fig. 2(b). There is, as in case B, a sudden decrease in the slopes of plots of 
temperature versus time, when natural convection sets in at ~ 1.3 s. However, for case C the 
temperature does not tend to a steady state. Instead, after ~ 2 s the slopes increase 
monotonically, leading to explosion, originating some 0.8 L above the equator. Although 
natural convection delayed the explosion, it did not prevent it. Thus, a slight decrease in the 
magnitude of ( )DH ττ /  from 0.17 in case B to 0.16 in case C highlights the very abrupt nature 
of the transition from stable to explosive reaction. Such a transition has been identified by a 
persistently positive curvature in the plots of temperature against time29, 30, i.e. ( ) 0/ 22 >∂∂ tT . 
Inspection of Fig. 2(a) and (b), both stable steady reactions, indicates that there are times in 
these reactions when there is an upward inflection, yet the system does not explode. This 
complication arises due to the variable nature of heat removal by natural convection. 
Fig. 2(d) shows temperatures for slightly longer timescales for conduction and 
convection (and hence slower heat removal). It is evident that  ( )22 / tT ∂∂  is positive at all 
times, i.e., the rate heat is generated by chemical reaction always exceeds that of heat removal 
at the wall. Both the temperature and ( )tT ∂∂ /  rise monotonically in the top of the vessel, 
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leading to explosion; in Fig. 2(d) ignition occurs before significant convection sets in, resulting 
in a shorter time to explosion of ~ 2 s, as opposed to 6 s in Fig. 2(c).  
Fig. 3 shows, for a higher Ra of ~ 105, the corresponding plots of temperature against 
time, again in the top half of the reactor. The more intense natural convection leads to the 
maximum temperature occurring much closer to the top of the vessel than at Ra ~ 3000.  
Another distinctive feature of systems at such a high Ra is the occurrence of oscillations in the 
plots of temperature versus time, albeit with small amplitudes; these oscillations start 
immediately after the onset of natural convection. Fig. 3(a) and (b), corresponding, 
respectively, to points E and F in Fig. 1 and Table 2, illustrate, in turn, a very slow reaction, 
and a steady reaction close to the explosion limit. In both E and F the oscillations die out after 
1.2 s, which is before the temperatures attain their steady state values. Oscillations are also 
present in Fig. 3(c) and (d), for points G and H in Fig. 1 and Table 2. In case G, which lies 
close to the explosion limit in Fig. 1, there is an explosion at with ~ 7.5 s, whereas for case H 
there is an explosion after a shorter time of only 2.2 s. Overall in Fig. 3(d) the increase in 
temperature shows no sign of being hindered; clearly, in this case, natural convection is 
sufficiently strong to skew the vertical temperature profile, but is not strong enough to hinder 
the progression to explosion.   
Small-amplitude oscillations have been observed previously when studying the 
interaction between thermal explosion and natural convection5, 23, 31. Oscillations have also 
been detected18 in the thermocouple traces recorded at the centre of the reactor during the 
thermal decomposition of azomethane inside a sphere. In addition, Tyler and Tuck32, admitted 
an inert gas into a heated, evacuated spherical vessel, and observed small oscillations in the 
thermocouple traces, when Ra (based on the maximum temperature difference between the wall 
and the centre of the vessel) increased above ~ 2×104. That similar oscillations occur in both a 
system undergoing thermal decomposition and an inert system, indicates that the fluid flow is 
the most likely cause of the oscillations. As might have been expected, the period of the 
oscillations in Fig. 3(d), ~ 0.5 s, is of similar order to the time for recirculation of a fluid 
element in the spherical vessel, 4 Cτ  ~ 0.4 s, (see case H in Table 2). These oscillations in 
temperature damp out when the flow becomes approximately steady.  
 
4.2 Fluid flow and temperature fields for explosive reactions  
The evolution of the flow’s speed, the streamlines and temperature in a vertical cross section 
through the reactor’s axis are shown in Fig. 4, for case study C, with a low Ra ~ 3000. The 
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fluid at the centre of the vessel is heated up quickly, in ~ 1.3 s, and then moves upwards due to 
its significantly reduced density. The distribution of the fluid’s density in the lower half of the 
vessel remains intrinsically stable. The central upwards flow later cools down when it hits the 
relatively cold wall at the top. Gas subsequently flows downwards along the walls, driven by 
the large density difference between the hot central area and the cold peripheral region near the 
wall. The downwards flow near the walls displaces the fluid near the bottom up towards the 
centre of the reactor, where again the fluid heats up and continues to rise. The narrow blue area 
in the plots of speed in Fig. 4(a) denotes the stagnant zone, i.e. the eye of the toroidal vortex in 
the streamlines. The flow field starts to develop after 1 s; the upwards flow reaches its 
maximum speed at the centre of the vessel after ~ 3 s, coinciding with the discontinuity in the 
gradient in Fig. 2(c), and the onset of significant convection. The central upwards flow then 
slows slightly, whilst the downwards flow progressively speeds up to an almost similar rate. At 
~ 6 s the flow field is fully developed and remains approximately steady until explosion occurs. 
Fig. 4(c) shows that significant temperature gradients are only established after ~ 6 s and full 
development of the flow field. The upward flow causes a hot zone to form near the top of the 
vessel. This is therefore the location of explosion. Had the Rayleigh number been lower, e.g. ~ 
1000, the flow would have shifted the hot zone to only slightly above the centre of the vessel.  
Fig. 5 shows the development of the flow and temperature fields for case study G 
(Table 2), i.e., again for conditions just beyond the explosion limit, but now with Ra ~ 105. 
Significant fluid flow develops more rapidly than at Ra ~ 3000, with the maximum speed (~ 
0.22 m s-1) of the upwards flow being reached in ~ 0.8 s. The speed now exhibits damped 
oscillations about a relatively steady value. The more intense convection distorts the toroidal 
vortex, pushing it upwards and also radially outwards towards the wall. Significant temperature 
gradients appear only later at ~ 7 s. The momentum boundary layer at the wall is seen to be 
much thinner than that in Fig. 4.  
 
4.3 Regime diagram for explosion 
Simulations for reactions with a variety of timescales for heat conduction and natural 
convection were carried out to locate the transition (on Fig. 1) between stable and explosive 
conditions. Explosions were identified by the second derivative of the temperatures with 
respect to time becoming consistently positive, as seen before in Fig. 2(c) and (d) and Fig. 3(c) 
and (d). The results are plotted in Fig. 6, which is similar to Fig. 1. When natural convection is 
weak ( DC ττ >> ), cooling of the gas inside the vessel occurs mainly by thermal conduction. 
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Thus, rapid conduction, i.e. low values of Dτ , is required to stabilise the reaction. Indeed, Fig. 
6 shows that under these conditions the reaction remains stable for ( )DH ττ /  > 0.29. This value 
differs slightly from that of ~ 0.30 derived earlier (section 2.4), because Frank-Kamenetskii’s2 
calculations assumed ( )ERT /0=η = 0. In fact, in this work η ~ 0.027. Our result for the 
transition to explosion in the conductive limit agrees with that of  ( )DH ττ /  = 0.029 calculated 
by Tyler and Wesley12, for a zeroth-order reaction with η = 0.025. The explosion boundary in 
Fig. 6 is independent of Ra (and CH ττ / ) for Ra < ~ 100. When convection becomes stronger, 
e.g. at Ra ~ 500, its role in heat transfer becomes more important. Thus, the value of ( )DH ττ /  
on the explosion boundary falls when ( )CH ττ /  and Ra are increased. At sufficiently large Ra, 
convection becomes the dominant cooling mechanism, and the boundary between stable and 
explosive reaction becomes less sensitive to ( )DH ττ / . This occurs near Ra ~ 106, when the 
flow becomes turbulent.  
 
4.4 Comparison of simulations with experimental results 
Fig. 7 compares the above numerical results with experimental measurements18 of the 
explosion limit for the thermal decomposition of azomethane. For these experiments, from eqn 
(25) and (26), ( ) 775145/ ' −=⋅ adCH Tττ  and ( )( ) 6.14~3.4// ' =LeTadDH ττ , so the effects of 
the consumption of reactant on the behaviour of the system are small. In fact, Fig. 7 shows 
good agreement between Archer’s measurements18 of the explosion boundary and the new 
numerical simulations above. 
For comparison, Fig. 7 also shows other previous results for the transition to explosion 
in vessels of several different geometries. The theory in section 2.3 suggests that the explosion 
boundary for a system of given geometry is described by a curve ( ) ( )CHDH f ττττ // = . In the 
conductive limit, i.e. when natural convection is absent or very weak, the explosion criterion 
reduces to  
( ) ccDH δττ /1/ = = constant                                                                                      (30)  
Thus, each geometry is expected to have a different value of ( )cDH ττ / : these are, respectively, 
0.30, 0.50, 0.59, 0.74 and 1.14 for a sphere2, infinite horizontal circular cylinder2, infinite 
horizontal square cylinder6, vertical cylindrical tank23 and parallel plates2. The value of 
( )cDH ττ /  for a given geometry is a measure of its ability to remove heat generated by 
chemical reaction. It should be noted that the choice of the characteristic length scale, L, for 
 13
calculating Dτ  and Cτ  for a given geometry has significant effects on quantifying the explosion 
limit. The characteristic lengths chosen for the systems discussed above follow the 
conventional guideline as being the shortest distance from the centre of symmetry to the nearest 
wall.4 For example, the value of cδ ~ 5.43 reported by Sheu et al.23 for a vertical cylindrical tank 
was based on the full height and hence should be reduced by a factor of 4. The length scales 
used for the results in Fig. 7 are shown in the caption. 
At the other limit of very strong, turbulent natural convection (Ra > 106), the transport 
of heat is determined by conduction across a thin thermal boundary layer at the wall of the 
vessel. Thus, criterion (30) should apply when the length scale is replaced by the boundary 
layer thickness tl , giving:  
κ
τ
τ
τ
/2t
H
cD
H
l
=⎟⎟⎠
⎞
⎜⎜⎝
⎛
  
or 
2
2 /
⎟⎠
⎞⎜⎝
⎛⋅⎟⎟⎠
⎞
⎜⎜⎝
⎛==
LL
t
cD
HH
D
H l
τ
τ
κ
τ
τ
τ
                                                                                (31) 
Bol’shov et al.27 studied heat transfer from fluids with internal generation of heat to a section of 
a surface with radius of curvature L. For fully developed turbulent natural convection, they 
suggested that  
( ) 6/1~/ RaLNu tl=                                                                                                  (32) 
Combining eqns (31) and (32) leads to  
3/1~ −⎟⎟⎠
⎞
⎜⎜⎝
⎛
Ra
cD
H
D
H
τ
τ
τ
τ
                                                                                                    (33) 
as the criterion for the transition from slow to explosive reaction in the presence of turbulent 
convection. The limiting behaviour expressed by eqn (33) is shown as the lowest dotted line in 
Fig. 7 and agrees with the trends of our simulations for a spherical reactor.  
 
4.5 Effects of physical parameters on the transition to explosion 
Fig. 8 illustrates the effects of changing the initial pressure (i.e. concentration of the reactant) or 
the reactor’s size, on the location of the working point on the regime diagram. Both the 
timescales for conduction and convection, Dτ and Cτ , increase with the radius of the reactor 
( 2/12 ; LL CD ∝∝ ττ ), so the efficiency of heat removal is reduced by increasing the size of the 
reactor. Indeed, although natural convection is stronger in a larger reactor ( 2/1LU ∝ ), the 
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surface area per unit volume decreases. The result of these coupled effects is that larger reactors 
are more prone to explode, as shown by the working point moving along the dashed line 
labelled with L in Fig. 8. 
To analyse the effects of initial pressure on systems with an initially pure reactant, it is 
necessary to note that ( ) 10/ −∝ pDH ττ  and ( ) 10/ −∝ nCH pττ . Thus the position of the working 
point is affected by the initial pressure, 0p , and, the order of reaction n. This is illustrated in 
Fig. 8, where plots for n = 1, n < 1 and n > 1 are shown. When n = 1, ( )CH ττ / is independent of  
p0 and the working point moves vertically downwards as p0 is increased. When n > 1, ( )CH ττ /  
increases with p0, but ( )DH ττ /  decreases. When n < 1, both ( )DH ττ /  and ( )CH ττ /  decrease 
with increasing p0. For reactions with n > 1 a larger increase in initial pressure may be required 
to trigger an explosion than that required for n < 1. 
 
5. Conclusions 
The effect of natural convection on the explosive behaviour of an exothermic reaction, 
occurring inside a closed spherical vessel, was studied. The consumption of reactant was 
ignored and criteria for this assumption were derived. It was shown that the transition from 
slow reaction to explosion depends on the relative magnitudes of three timescales: the 
timescale to heat up the fluid to the explosion limit, the timescale for natural convection and the 
timescale for conduction of heat out of the vessel. This new analysis in terms of timescales was 
compared with the traditional approach using Frank-Kamenetskii’s parameter and the Rayleigh 
number. The main advantage of the new approach is that it separates completely the effects of 
conduction and natural convection on the thermal behaviour of the reaction. Additionally, it 
may easily be generalised to more complex reactions and flow systems. 
Numerical simulations were carried out for several case studies, all with laminar flow. It 
was shown that when the timescales for conduction and convection are large, i.e., the transfer 
of heat out of the vessel is slow, the reaction proceeds to explosion. A criterion for explosion 
when natural convection is turbulent was derived by relating the timescale for heat conduction 
out of the vessel to the thickness of the thermal boundary layer. The new theoretical and 
numerical results compared well with previous experimental measurements for the 
decomposition of azomethane. 
Finally, it was shown that both the timescale for convection and for heat conduction 
increase with the size of the reactor, thus increasing the propensity for explosion. Similarly, an 
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increase in initial pressure or concentration of reactant drives the system towards explosion, the 
effect being more pronounced for reactions of order n ≤ 1 than those with n > 1. 
 
Nomenclature 
  
c Concentration of A 
c0 Initial concentration of A 
c′ Dimensionless concentration of A, c′ = c / c0 
Cp Specific heat at constant pressure 
Cv Specific heat at constant volume 
DA Diffusion coefficient of A 
E Activation energy 
g Acceleration due to gravity 
k Rate constant of the reaction 
k0 Rate constant of the reaction at T = T0 
kT Thermal conductivity 
tl  Thickness of thermal boundary layer 
L Characteristic length (radius) of the reactor 
Le Lewis number = AD/κ  
n Order of reaction 
n Unit vector normal to the surface  
Nu Nusselt number 
p Pressure  
p0 Initial pressure 
p′ Dimensionless pressure, ( ) 200 /' Uppp ρ−=  
Pr Prandtl number 
q Exothermicity of reaction  
r  Position vector 
'r  Dimensionless position vector, Lrr /'=  
R Universal gas constant  
Ra Rayleigh number = ( )κνβ /3 TgL Δ  
t Time  
t′ Dimensionless time, t′ = Ut / L 
T Temperature  
T0 Constant wall temperature 
'T  Dimensionless rise in temperature, ( ) sTTTT Δ−= /' 0  
'
adT  Dimensionless adiabatic temperature rise, ( )2000' / RTCEqcT pad ρ=  
u  Velocity vector 
'u  Dimensionless velocity vector, Uuu /'=  
U Scale for velocity 
Z Pre-exponential factor in Arrhenius expression for k 
β  Coefficient of thermal expansion, T/1=β  
γ  Ratio of specific heats, γ   = Cp / Cv 
δ  Frank-Kamenetskii parameter, ( )200002 / RTCqEckL pn κρδ =  
 16
sTΔ  Scale for temperature increase ϕ  Dimensionless activation energy, ( )20/ RTTE sΔ=ϕ  η  
0/TTsΔ=η  
κ  Thermal diffusivity 
ν  Kinematic viscosity ρ  Density  
0ρ  Density at T = T0 
Cτ  Timescale for convection 
Dτ  Timescale for diffusion of heat 
Hτ  Timescale for the system to heat up to the ignition temperature 
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Table 1 Previous studies of thermal explosions in vessels of different geometries. 
Class A geometries include infinite parallel plates, infinite horizontal cylinders with 
circular cross-sections and spheres. 
 
Reference  Geometry Type of work Type of reaction 
Heat transferred solely by conduction 
Chambre3 Infinite circular horizontal 
cylinder; sphere 
Analytical    Zeroth-order  
Parks4 Class A geometries; cube; 
regular vertical circular cylinder 
(Height / Diameter = 1) 
Numerical Zeroth-order  
Merzhanov5  Class A geometries Analytical; numerical Zeroth-order  
Boddington et al.6  Class A geometries as well as 
geometries of arbitrary shapes 
Analytical; numerical Zeroth-order  
Alder and Enig7 Class A geometries Analytical; numerical First-order  
Tyler and 
Wesley12 
Class A geometries Numerical  Zeroth, first and 
second-order  
Gray16  Sphere Analytical Zeroth-order  
Heat transferred by conduction and natural convection 
Merzhanov and 
Shtessel13 
Infinite parallel plates Numerical Zeroth-order (liquid) 
Merzhanov and 
Shtessel13 
Infinite circular horizontal 
cylinder 
Experimental Mixtures of 
hexamethylene-
diisocyanate with 
various alcohols. 
Osipov et al.17 Infinite circular horizontal 
cylinder 
Numerical Zeroth-order reaction 
with the reverse 
endothermic step. 
Archer18 Sphere Experimental Thermal 
decomposition of 
azomethane 
Gerri and 
Kaufman19 
Sphere  Experimental  Thermal 
decomposition of pure 
azomethane. 
Ashmore et al.20  Sphere Experimental Mixtures of hydrogen 
and chlorine as well 
as hydrogen, chlorine 
and nitrosyl chloride 
Jones21 Infinite parallel plates Analytical Zeroth-order  
Jones22 Infinite circular horizontal 
cylinder 
Numerical Zeroth-order  
Sheu et al.23 Vertical circular cylinder 
(Height / Radius = 1) 
Numerical Zeroth-order  
Lazarovici et al.24 Infinite square horizontal prism Numerical  First-order  
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Table 2 Dimensionless parameters used in each case study. Cases A – H correspond 
to the points labelled in Fig. 1. Here η = 0.027, Pr = 1 and γ = 1.018. 
case Ra DH ττ /  CH ττ /  Dτ / s Cτ / s 
A 3080 0.230 12.74 7.447 0.134 
B 3010 0.146 7.904 11.70 0.216 
C 3500 0.134 7.904 12.80 0.216 
D 3180 0.063 3.535 27.31 0.484 
E 1.11×105 0.125 41.82 13.65 0.041 
F 1.60×105 0.062 25.00 27.38 0.068 
G 1.11×105 0.062 20.91 27.30 0.082 
H 1.58×105 0.042 16.58 40.96 0.103 
 
 
 
Fig. 1 Schematic regime diagram of ( )DH ττ /  versus ( )CH ττ / , for an exothermic reaction occurring inside a 
spherical vessel. The solid curve separates the region where explosions occur from that where they do not. The 
horizontal axis denotes the well-mixed limit; the vertical axis represents the purely diffusive limit. Four lines of 
constant Ra are shown. The points labelled A – H are those for which detailed computations are presented 
below. The horizontal axis has not been assigned a scale, because the transition to explosion in the 
turbulent/well-mixed limit remains undefined at this stage. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2 Evolution of temperature in the upper half of the reactor for Ra ~ 3000. Shown are (a) case A: a slow 
reaction, (b) case B: a stable reaction close to the explosion limit, (c) case C: an explosive reaction close to the 
explosion limit and (d) case D: a reaction well within the explosive regime. Plots (a) – (d) correspond to the 
points A – D in Fig. 1, in Table 2, and also later in Fig. 6. Plots are for different heights above the centre of the 
vessel, where L is the radius. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3 Evolution of temperature in the upper half of the reactor for Ra ~ 105. Figures show traces in (a) case E: 
a slow reaction, (b) case F: a stable reaction close to the explosion limit, (c) case G: an explosive reaction close 
to the explosion limit and (d) case H: a reaction well within the explosive regime.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1.2 s 3.0 s 5.1 s 5.6 s  
 
 
Fig. 4 Evolution of the speed (top, left), streamlines (top, right) and temperature field (bottom), for case study 
C (Ra ~ 3000).  The fluid rises near the axis and falls near the walls. 
 
 
 
 
 
 
 
 
 
 
    
 
 
 
  
 
  
 
 
0.5 s 0.8 s 1.2 s 1.5 s 3.1 s 7.4 s  
 
Fig. 5 Evolution of the speed (top, left), streamlines (top, right) and temperature field (bottom), for case study 
G (Ra ~ 105). The fluid rises near the axis and falls near the walls. 
 
 
 
 
 
Fig. 6 The regime diagram summarising simulations with □ explosion and ■ no explosion. The explosion limit 
is shown as the solid line. Points A – H correspond to the cases shown in Fig.1 and Table 2.   
 
 
 
 
 
 
 
 
 
Fig. 7 Comparison of simulations with experimental measurements. Results of explosion limits for different 
geometries are shown. The characteristic length scales for the sphere and the horizontal cylinder are taken as the 
radius, and is defined as half of the height of the vertical cylindrical tank. Here, Pr = 1 except for Archer’s 
experimental results, for which Pr ~ 0.8. 
 
 
 
 
 
 
 
Fig. 8 Effects of the initial pressure, p0, and the radius of the reactor, L, on the position of the working point on 
the regime diagram. The arrows show the direction in which the working point moves when a parameter is 
increased.  
 
 
 
 
 
 
 
 
